In this paper we investigate the perturbations by a massless Dirac spinor of a Born-Infeld black hole. The decay rates of the spinor field which is given by the quasinormal mode frequencies are computed using the WKB approach. The behavior of these modes with the non-linear parameter, temperature and charge of the black hole are analyzed in detail. We conclude that the black hole is stable under spinor perturbations. We also compare the stability of it with the linear counter-part Reissner-Nordstrom black hole.
Introduction
When black holes are perturbed, the resulting oscillations lead to quasinormal modes (QNM). Such modes are defined as the solutions to the related wave equations characterized by purely ingoing waves at the horizon. In addition, one has to impose boundary conditions on the solutions at the asymptotic regions as well. In asymptotically flat space-times, the second boundary condition is for the solution to be purely outgoing at spatial infinity. Once these boundary conditions are imposed, the resulting frequencies become complex and discrete. The frequencies of QNM's depend on the parameters of the black holes such as mass, charge and angular momentum and are independent of initial perturbations. If the radiation due to QNM modes are detected in the future by gravitational wave detectors, it would be a clear way of identifying the possible charges of black holes. There are extensive studies of QNM's in various black-hole backgrounds in the literature. See the review by Kokkotas et. al. [1] for more information.
characterized by charge Q, mass M and the non-linear parameter β. The Born-Infeld black hole was obtained by Garcia et.al. [37] in 1984. Two years later, Demianski [38] also presented a solution known as EBIon which differs with the one in [37] by a constant. Trajectories of test particles in the static charged Born-Infeld black hole were discussed by Breton [39] . This black hole in isolated horizon framework was discussed by the same author in [40] . Gibbons and Herdeiro [41] derived a Melvin Universe type solution describing a magnetic field permeating the whole Universe in Born-Infeld electrodynamics coupled to gravity. By the use of electric-magnetic duality, they also obtained Melvin electric and dyonic Universes.
The paper is presented as follows: In section 2, the Born-Infeld black hole solutions are introduced. In section 3, the spinor perturbations are given. In section 4, we will computer the QNM's and discuss the results. Finally, the conclusion is given in section 5.
Introduction to the Born-Infeld black hole
In this section, we introduce the Born-Infeld black hole. The action for the Einstein gravity coupled to Born-Infeld electrodynamics is given by,
Here, L(F ) is a function of the field strength F µν and for Born-Infeld electrodynamics may be expanded to be,
Here, β has dimensions length −2 and G length 2 . In the following sections it is assumed that 16πG = 1. Note that when β → ∞, the Lagrangian L(F ) approaches the one for Maxwell's electrodynamics given by −F 2 . To describe the equations of motion for the electrodynamic field strength, a second rank tensor G µν is defined as,
By extremising L(F ), with respect to A µ , one obtain the equations of motion,
The field strength also satisfy the Bianchi identity,
Note that the Bianchi identity is satisfied since the field strength can be written as
On the other hand, G µν does not satisfy the Bianchi identity. In comparison, the equations for Maxwell electrodynamics are,
The equation for Maxwell's electrodynamics in eq.(6) has the well known SO(2) symmetry corresponding to rotating F into * F . This is also known as the electricmangnetic duality. Out of all theories of non-electrodynamics, Born-Infeld theory has a special place that it is also invariant under electic-magnetic duality. This is discussed in detail by Gibbons and Rasheed [42] . For static spherically symmetric case,
Note that for this case the non-linear Lagrangian reduces to,
imposing an upper bound for |E| ≤ β. This is a crucial characteristic of Born-Infeld electrodynamics which leads to finite self energy of the electron. By varying the total Lagrangian in eq.(1) with respect to g µν and assuming 16πG = 1, the gravitational field equations are obtained as,
where,
Note that for β → ∞, T µν approaches the energy-momentum tensor for the Maxwell's electrodynamics given by,
By solving the field equations, the static charged black hole with spherical symmetry can be obtained as,
with,
The integral in f (r) can be simplified leading to,
Here 2 F 1 is the hypergeometric function. In the limit β → ∞, the elliptic integral can be expanded to give,
resulting in the function f (r) for the Reissner-Nordstrom black hole for Maxwell's electrodynamics. Near the origin, the function f (r) has the behavior,
Here,
Depending on the values of M, Q and β, the function f (r) for the Born-Infeld black hole can have two roots, one root or none. When f (r) has two roots, the behavior of f (r) is similar to the Reissner-Nordstrom black hole. When it has only a single root, the black hole behave similar to the Schwarzschild black hole. Hence the Born-Infeld black hole is interesting since it possess the characteristics of the most well known black holes in the literature. In the following figure we have sketched the function f (r) for both Born-Infeld and Reissner-Nordstrom black hole. This is a case where Born-Infeld black hole has a single root. A detailed description of the characteristics of the Born-Infeld black hole is given [43] and [39] . The Hawking temperature of the black hole is given by,
Here, r + is the event horizon of the black hole which is a solution of f (r) = 0. The zeroth and the first law of black holes in Born-Infeld electrodynamics are discussed in detail in [43] . Static charged black hole solution to the above action with a cosmological constant was presented in [44] [45] and was extended to higher dimensions in [46] .
3 Massless spin 1 2 field around spherically symmetric static black hole
In this section, we will develop the equations for a spin 1/2 field in the background of a static spherically symmetric space-time. The general equation for a massless Dirac spinor field in curved space-time can be written as,
Here, e µ a are the inverse of the tetrads e µ a . The metric tensor g µν of the space-time considered and the tetrad e a µ are related by,
Here, η ab = (−1, 1, 1, 1) is the metric in the flat space. The γ a matrices are defined by,
Here, σ a are the Pauli spinors
The γ a matrices satisfy the anti-commuting relations,
The spin connection Γ µ is defined as,
where, Λ abµ = e ν a e bν;µ (25) e bν;µ is the covariant derivative of e bν given by,
Γ α νµ are the Christoffel symbols. We will compute the Dirac equation for a space-time which is spherically symmetric and static given by,
The tetrads for this space-time are given by,
The non-zero components of Λ abµ defined in eq.(25) for the above metric are computed as,
Therefore, the related spin connections becomes,
The Born-Infeld black hole considered in this paper has the functions A = B −1 and R = r. For further simplification, we will take A = B −1 = f (r). The function ψ is redefined as,
Then the Dirac equation simplifies to,
Before looking for solutions for the above equation, we will make another assumption. The field considered here is massless and has spin 1 2 . Hence the allowed solutions to the Dirac equation are circularly polarized. This is discussed in [49] and [50] at length.
According to [50] , the above spinors have right handed circular polarization. Hence, the allowable spin states satisfy the condition,
where
Then, eq.(34) will be satisfied by,
Now, the Dirac equation yield two identical set of equations each coupling Φ 1 and Φ 2 .
Hence only one set of the equations will be solved. Let us redefine the components Φ 1 and Φ 2 as follows:
Substituting the above in eq.(32) yields,
To solve the angular part of the equation the following operators are defined,
These operators were discussed in [51] at length. It was shown that the operators act on spin weighted spherical harmonics s Y lm as ladder operators. In particular if the spin s = 1 2 , then the above operators gives the following relations;
By comparing the angular parts of the equation of the Dirac equation, one can see that H 1 and H 2 are the spin 1 2 weighted spherical harmonics given by
Hence the angular part of the eq.(37) and eq.(38) becomes λ = l + 1 2 . Note that l can be written as l = (2k − 1)/2 where k is a positive integer. Also −l ≤ m ≤ l. Therefore, the radial part simplifies to,
r * is the well known "tortoise" coordinate given by,
The function W (r) is,
Two new functions Z ± are defined as,
and eq.(45) can be decoupled as,
Here, V ± are related to W (r) as,
The effective potential V + for the Born-Infeld black hole is plotted to show how it changes with charge Q and the non-linear parameter β in the following figures. 
Remarks on stability
The potentials are real and positive outside the event horizon as it is evident from the above figures. Hence, following the arguments by Chandrasekhar [36] the Born-Infeld black holes can be considered stable classically under spinor perturbations. Note that in [47] and [48] , it was shown to be stable for gravitational and scalar perturbations. Overall these black holes shows stability.
Comparison with other fields
Gravitational perturbation and the scalar perturbations of the Born-Infeld black hole were studied by Fernando in [47] [48] . The equations were shown to be simplified to a Schrodinger type equation as for the spinor 1/2 field studied here. Here we will plot the effective potentials for the three fields to compare the behavior. 
Quasi-normal modes of the Born-Infeld black hole
Usually, the fundamental equation of black hole perturbations given in eq.(49) cannot be solved analytically. This is the case for almost all black holes in 3+1 dimensions. In 2+1 dimensions, there are two black hole solutions ( BTZ black hole [52] and the charged dilaton black hole [53] ) which can be solved to give exact values of QNM's. In five dimensions, exact values are obtained for vector perturbations by Nunez and Starinets [54] . There are several approaches to compute QNM's in the literature. Here, a semi analytical technique developed by Iyer and Will [55] is followed. The method makes use of the WKB approximation. The basics of this method is reviewed as follows;
Take the perturbation eq.(45) in the following form.
Here Q(r * ) = ω 2 −V (r * ). Then, one can define new variables Λ(n), Ω(n),Λ(n),Ω(n), α as follows.
;Λ(n) = −iΛ(n);Ω(n) = Ω/(n + 1 2 ) (54) Note that the superscript (n) denotes the appropriate number of derivatives of Q(r * ) with respect to r * evaluated at the maximum of Q(r * ). In the case of black hole perturbations, where V (r * ) is independent of frequency ω, the quasi normal modes frequencies are given by,
ω is represented as ω = ω R − iω I and the lowest quasi normal modes ω(0) of the Born-Infeld black holes are computed. First, the quasi normal modes are computed to see the behavior with the nonlinear parameter β and graphed in the following figure. The spinor perturbation decay faster when the non-linear parameter β increases. Next, we have computed the QNM's by varying the charge of the black hole. We also computed the QNM's for the Reissner-Nordstrom black hole with the same mass and the charge. Both results are plotted in the following figures. For larger values of the Q, the decay of the spinor field is faster. One can observe that the decay of the spinor field in Born-Infeld black hole is slower than the Reissner-Nordstrom black hole for this particular values of the parameters. For scalar field perturbations the fields for the Bon-Infeld black hole was fatser than the Riessner-Nordstrom black hole [48] . One can also conclude that the Born-Infeld black holes are stable since the fields decay in this background. Note that we have done these computations for a Born-Infeld back hole which behave like the Schwarzschild black hole near the origin. It is necessary to do a evaluation based on all the parameters to fully understand the behavior of the ω I to see how the stability compare with the Reissner-Nordstrom black hole.
Next, the behavior of the Im ω with temperature of the black hole is studied. The plot of Im(ω) vs temperature is given in the Figure 9 . One can see a linear behavior of Im ω with the temperature. This behavior is similar to the Schwarzschild-anti-de-Sitter black hole studied by Horowitz and Hubeny [3] . 
Conclusions
We have studied the spinor perturbations of a Born-Infeld black hole. The quasinormal modes are computed using a WKB method. The main result of this paper is that the black hole is stable under the spinor perturbations. How ever, in comparison with the Reissner-Nordstrom black hole, the decay rates are slower for the Born-Infled black hole. It is interesting to note that for gravitational and scalar perturbations, the fields of the Born-Infeld black hole decayed faster as noted in [47] [48] .
A natural extension of this work is to study the stability of Born-Infeld-AdS black hole. The developments in string theory on AdS/CFT duality and the relation of Born-Infeld theory to string theory is a motivation for this. The Reissner-Nordstrom-AdS black hole has been shown to be unstable for linear perturbations in [56] .
It was noted in section 2 that the Born-Infeld black hole behaves in a similar fashion as the Reissner-Nordstrom for certain parameters of the theory. In particular, the possibility of extreme black holes exists. It is well known that the extreme Reissner-Nordstrom black hole is supersymmetric. It can be embedded in a N=2 supergravity theory [57] [58] . Quasinormal modes of these extreme black holes were studied by Onozawa et.al. [59] and was shown to have the same frequencies. It will be interesting to see any sign of such behavior for the Born-Infeld black hole.
The WKB approach used in this paper was extended to the sixth order beyond the eikonal approximation by Konoplya [60] . It would be interesting to use this method to get better approximations to QNM's computed in this paper.
